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Exact periodic solitary wave solutions for the (2 + 1)-dimensional Boussinesq equation
are obtained by using the extended ansätz function method. Detailed behavior of the
propagation of the periodic solitary wave solutions for the (2+ 1)-dimensional Boussinesq
equation is illustrated by using the method of ﬁgure analysis. The result shows that it
is entirely possible for the (2 + 1)-dimensional integrable equations or non-integrable
equations that there exist periodic solitary waves in the different direction. The propagation
of the periodic solitary waves is actually phase shifts of solitons, and the amplitudes of
non-singular periodic solitary waves depend on frequency and wave number of periodic
wave.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
As we all know the two-dimensional Boussinesq equation describes the propagation of gravity waves on the surface of
water, in particular the head-on collision of oblique waves. This equation combines the two-way propagation of the classical
Boussinesq equation with the (weak) dependence on a second spatial variable, as occurs in the two-dimensional Korteweg–
de Vries (2D KdV) equation [1]. It is shown that exact and general solitary-wave, two-soliton and resonant solutions are
obtained from the Hirota bilinear form of the equation [2,4,5]. The power series method proposed by Hirota is effective to
obtain the N-soliton of integrable equations. We have seen that, although this equation can be written in bilinear form,
it does not possess the general three-soliton solutions that is hall mark of a completely integrable equation. Thus two-
dimensional Boussinesq equation is not one of the class of completely integrable equations, conﬁrming the analysis of
Hietarinta [3].
In this paper, we will search for the periodic solitary wave solutions and study the propagation of solitons for the
(2 + 1)-dimensional Boussinesq equation so that to understand the dynamics of solitons in the high-dimensional model.
We transform two-dimensional Boussinesq equation into the bilinear equation and introduce a new ansätz function f (ξ,η)
to solve this bilinear equation [6,7]. Some periodic solitary wave solutions which is a new type of soliton solutions are
obtained. Detailed behavior of the propagation of the periodic solitary wave solutions is illustrated by using the method of
ﬁgure analysis. The result shows that it is entirely possible for (2 + 1)-dimensional integrable equations or non-integrable
equations that there exist periodic solitary waves.
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sional Boussinesq equation are given. Section 3, the propagation of the periodic solitary wave solutions is studied by the
method of ﬁgure analysis. Finally, some conclusions are given.
2. Exact periodic solitary wave solutions for the (2+ 1)-dimensional Boussinesq equation
We consider (2+ 1)-dimensional Boussinesq equation
utt − uxx − uyy − uxxxx − 3
(
u2
)
xx = 0. (1)
By using the transformation
u = −2ln( f )xx, (2)
Eq. (1) is transformed into the bilinear form(
D2t − D2x − D2y − D4x
)
f · f = 0, (3)
where bilinear operator Dmx D
n
t is deﬁned as
Dmx D
n
t a · b =
(
∂
∂x
− ∂
∂x′
)m(
∂
∂t
− ∂
∂t′
)n
a(x, t)b
(
x′, t′
)∣∣
x=x′,t=t′ . (4)
Eq. (3) can be also rewritten as
2
(
ftt f − f 2t − fxx f + f 2x − f yy f + f 2y − fxxxx f + 4 fxxx fx − 3 f 2xx
)= 0. (5)
Let the function f be expressed in the form
f (x, y, t) = b1e(Px+Q y+wt) + b2 cos(Kx+ Ly + vt) + b3e−(Px+Q y+wt). (6)
Substituting Eq. (6) into Eq. (5), we can obtain a set of algebraic equations for b1,b2,b3, P , Q ,w, K , L and v
4b1Pb2K
3 − 2b1Pb2K − 2b1Q b2L − 4b2Kb1P3 + 2b1wb2v = 0,
6b1P
2b2K
2 − b1b2v2 + b2b1w2 − b1b2K 4 − b2b1P4 + b1b2L2 − b2b1Q 2 − b2b1P2 + b1b2K 2 = 0,
2b2Lb3Q − 2b2vb3w + 2b2Kb3P + 4b2Kb3P3 − 4b3Pb2K 3 = 0,
b2b3w
2 − b3b2v2 − b3b2K 4 − b2b3P4 + b3b2L2 − b2b3Q 2 − b2b3P2 + b3b2K 2 + 6b2K 2b3P2 = 0,
−4b1Q 2b3 − 4b1P2b3 + 4b1w2b3 − 16b1P4b3 − 4b22K 4 + b22K 2 + b22L2 − b22v2 = 0. (7)
Solving the system of algebraic equations (7) with the aid of Maple, we obtain ﬁve sets of solutions.
Case 1.
P = P , L = ±
√
P4 + P2 − w2, Q = 0, w = w, K = 0, b1 = b
2
2(P
4 + P2 − w2)
4b3(4P4 + P2 − w2) ,
b2 = b2, b3 = b3, v = 0, (8)
where b2,b3, P and w are real free parameters. Setting b1 = b3, Eq. (8) becomes
b1 = b3 = ±b2
2
√
P4 + P2 − w2
4P4 + P2 − w2 , L = ±
√
P4 + P2 − w2, K = 0, v = 0, Q = 0. (9)
Substituting Eq. (9) into Eq. (6), we have
f (x, y, t) = b2
{
cos
(√
P4 + P2 − w2 y)+ ε
√
P4 + P2 − w2
4P4 + P2 − w2 cosh(Px+ wt)
}
. (10)
Substituting Eq. (10) into Eq. (2) yields y-periodic solitary wave solutions of Eq. (1)
u(x, y, t) = −
2εP2
{
(4P4 + P2 − w2)
√
P4+P2−w2
4P4+P2−w2 cos(Y ) cosh(Px+ wt) + ε(P4 + P2 − w2)
}
(4P4 + P2 − w2){cos(Y ) + ε√ P4+P2−w2
4P4+P2−w2 cosh(Px+ wt)
}2 , (11)
where ε = ±1, and Y = √P4 + P2 − w2 y, P and w are real free parameters which satisfy P4 + P2 − w2 > 0.
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Q = 0, P = P , v = v, b1 = b
2
2(P
2 + 1)
4b3(1+ 4P2) , L = ±
√
v2 + P4 + P2,
K = 0, w = 0, b2 = b2, b3 = b3, (12)
where b2,b3, v and P are real free parameters. If we set b1 = b3, then Eq. (12) is rewritten as
Q = 0, P = P , v = v, b1 = b3 = ±b2
2
√
P2 + 1
1+ 4P2 , L = ±
√
v2 + P4 + P2,
K = 0, w = 0, b2 = b2. (13)
Substituting Eq. (13) into Eq. (6) yields
f (x, y, t) = b2
{
cos
(√
v2 + P4 + P2 y + εvt)+ ε
√
P2 + 1
1+ 4P2 cosh(Px)
}
. (14)
Inserting Eq. (14) into Eq. (2) yields the following y-periodic solitary wave solutions of Eq. (1)
u(x, y, t) = −
2εP2
{
(1+ 4P2)
√
P2+1
1+4P2 cosh(Px) cos(
√
v2 + P4 + P2 y + εvt) + ε(P2 + 1)}
(1+ 4P2){cos(√v2 + P4 + P2 y + εvt) + ε√ P2+1
1+4P2 cosh(Px)
}2 , (15)
where ε = ±1, and P and v are real free parameters.
Case 3.
Q = 0, P = P , v = v, b1 = − 1
16
(8P2 + 3)b22
b3P2
, L = 1
2
√
4v2 − 8P2 − 16P4 − 1,
K = 1
2
√
2+ 4P2, w = 0, b2 = b2, b3 = b3, (16)
where b2,b3, v and P are real free parameters. Setting b1 = −b3, Eq. (16) becomes
Q = 0, P = P , v = v, b1 = ±1
4
√
8P2 + 3
P
b2, b3 = −b1, L = 1
2
√
4v2 − 8P2 − 16P4 − 1,
K = 1
2
√
2+ 4P2, w = 0, b2 = b2. (17)
Substituting Eq. (17) into Eq. (6), we have
f (x, y, t) = b2
{
cos
(
1
2
√
2+ 4P2x+ 1
2
√
4v2 − 8P2 − 16P4 − 1y + vt
)
+ ε
√
8P2 + 3
2P
sinh(Px)
}
. (18)
Substituting Eq. (18) into Eq. (2), we get x–y-periodic solitary wave solutions of Eq. (1)
u(x, y, t) = 2P
{
12P3 + 5P + ε√8P2 + 3[sinh(Px) cos(Y ) − ε√2+ 4P2 cosh(Px) sin(Y )]
[2P cos(Y ) + ε√8P2 + 3 sinh(Px)]2
}
, (19)
where ε = ±1, and Y = 12
√
2+ 4P2x + 12
√
4v2 − 8P2 − 16P4 − 1y + vt , P and v are real free parameters which satisfy
4v2 − 8P2 − 16P4 − 1 > 0.
Case 4.
b1 = 1
4
b22(4K
2 − 1)
b3(K 2 − 1) , v = 0, P = 0, L = 0, Q =
√
w2 − K 4 + K 2, w = w,
K = K , b3 = b3, b2 = b2, (20)
where b2,b3,w and K are real free parameters. If we set b1 = b3, then Eq. (20) is rewritten as
Q =
√
w2 + K 2 − K 4, b1 = b3 = ±1
2
√
4K 2 − 1
K 2 − 1 b2, w = w, K = K , b2 = b2, v = 0,
P = 0, L = 0. (21)
C. Liu, Z. Dai / J. Math. Anal. Appl. 367 (2010) 444–450 447Fig. 1. The singular periodic solitary wave solution (Eq. (11)) with ε = 1, P = 4, w = 2 ((a): t = −2; (b): t = 2).
Substituting Eq. (21) into Eq. (6), we obtain
f (x, y, t) = b2
{
cos(Kx) + ε
√
4K 2 − 1
K 2 − 1 cosh
(√
w2 + K 2 − K 4 y + wt)}. (22)
Substituting Eq. (22) into Eq. (2) results in x-periodic solitary wave solutions of Eq. (1), which read
u(x, y, t) = 2K 2
1+ ε cos(Kx)
√
4K 2−1
K 2−1 cosh(
√
w2 + K 2 − K 4 y + wt){
cos(Kx) + ε
√
4K 2−1
K 2−1 cosh(
√
w2 + K 2 − K 4 y + wt)}2 , (23)
where ε = ±1, and K and w are real free parameters which satisfy K 2 − 1 > 0, w2 + K 2 − K 4 > 0.
Case 5.
b1 = b
2
2(3K
4 + w2)
4w2b3
, L = ±
√
K 4 − K 2 − w2, Q = 0, v = 0, P = 0, w = w,
K = K , b2 = b2, b3 = b3, (24)
where b2,b3,w and K are real free parameters. Setting b1 = b3, Eq. (24) becomes
b1 = b3 = ±b2
2
√
3K 4 + w2
w2
, L = ±
√
K 4 − K 2 − w2, Q = 0, v = 0, P = 0. (25)
Substituting Eq. (25) into Eq. (6) yields
f (x, y, t) = b2
{
cos(Kx+ ε
√
K 4 − K 2 − w2 y) + ε
√
3K 4 + w2
w2
cosh(wt)
}
. (26)
Substituting Eq. (26) into Eq. (2), we obtain x–y-periodic solitary wave solutions of Eq. (1)
u(x, y, t) =
2K 2
{
1+ ε
√
3K 4+w2
w2
cosh(wt) cos(Kx+ ε√K 4 − K 2 − w2 y)}{
cos(Kx+ ε√K 4 − K 2 − w2 y) + ε
√
3K 4+w2
w2
cosh(wt)
}2 , (27)
where ε = ±1, and w and K are real free parameters which satisfy K 4 − K 2 − w2 > 0.
3. The propagation of the periodic solitary waves
We explore the phase shifts of solutions to more clearly understand the dynamics of solitons. From Eq. (11), Eq. (15)
and Eq. (19), we know that they express y-periodic or x–y-periodic singular solitary wave solutions of Eq. (1), such as
Eq. (19), it expresses x–y-periodic solitary wave solution and the propagation of the solitary waves is backward-directed
along the y-axis when ε = 1, P = 2, v = 9. We note that all these solutions will blow-up in one period (see Figs. 1–3).
448 C. Liu, Z. Dai / J. Math. Anal. Appl. 367 (2010) 444–450Fig. 2. The singular periodic solitary wave solution (Eq. (15)) with ε = 1 ((a): P = 2, v = 2, y = 2; (b): P = 4, v = 4, y = 2).
Fig. 3. The singular periodic solitary wave solution (Eq. (19)) with ε = 1, P = 2, v = 9 ((a): t = 0; (b): t = 2).
Similarly, Eq. (23) and Eq. (27) express x–y-periodic and x-periodic solitary wave solutions, respectively. They are non-
singular solutions of Eq. (1). From Eq. (23) and Fig. 4 (similarly, Eq. (27) and Fig. 5), we ﬁnd that the distribution of
the solitary waves is periodic along the x-axis and their propagation is backward-directed along the y-axis when ε = 1,
K > 0, w > 0 and satisfy K 2 − 1 > 0, w2 + K 2 − K 4 > 0. It is easy to calculate the extremal points of Eq. (23). When
(x, y) = ( 2nπK ,− wt√w2−K 4+K 2 ), n ∈ Z , u(x, y, t) gets the maximum value
u(x, y, t) =
2K 2(K 2 − 1)(√ 4K 2−1
K 2−1 + 1
)
5K 2 − 2+ 2(K 2 − 1)
√
4K 2−1
K 2−1
. (28)
When (x, y) = ( πK + 2nπK ,− wt√w2−K 4+K 2 ), n ∈ Z , u(x, y, t) reaches the minimum value
u(x, y, t) =
2K 2(K 2 − 1)(√ 4K 2−1
K 2−1 − 1
)
−5K 2 + 2+ 2(K 2 − 1)
√
4K 2−1
K 2−1
. (29)
The extremal point is determined obviously by frequency, wave number and time, but the amplitudes of these periodic
solitary waves only depend on the wave number K . Because it is solitary waves along the y-axis, the wavelength is inﬁnite.
When the wave number K increases, the amplitude of the periodic wave becomes longer.
4. Conclusion
In this paper, (2 + 1)-dimensional Boussinesq equation is investigated by using the extended ansätz function method.
New types of periodic soliton solutions of this equation are obtained. This result shows that it is entirely possible for (2+1)-
dimensional integrable equations or non-integrable equations that there exist periodic solitary waves, and their propagation
is phase shifts of solitons. The amplitude of non-singular soliton depends on frequency and wave number of periodic wave.
When the wave number or frequency increases, the amplitude of the solitary wave becomes longer.
C. Liu, Z. Dai / J. Math. Anal. Appl. 367 (2010) 444–450 449Fig. 4. The periodic solitary wave solution (Eq. (23)) with ε = 1, K = 2, w = 4 ((a): t = 0; (b): t = 2; (c): y = 2, t = 0; (d): x = 0, t = 0).
Fig. 5. The periodic solitary wave solution (Eq. (27)) with ε = 1, X = Kx+ √K 4 − K 2 − w2 y ((a): K = 4, w = 2; (b): K = 4, w = 4).
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